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Abstract 



The algebra §„ of one-sided inverses of a polynomial algebra P„ in n variables is ob- 
tained from P„ by adding commuting, left (but not two-sided) inverses of the canonical 
generators of the algebra Pn. Ignoring non-Noetherian property, the algebra Sn belongs 
to a family of algebras like the nth Weyl algebra An and the polynomial algebra P2n- Ex- 
plicit generators are found for the group G„ of automorphisms of the algebra §„ and for the 
group §^ of units of Sn (both groups are huge). An analog of the Jacobian homomorphism 
Vn '■= AutA'-aig(-Pn) K* is iutroduccd for the group G„ (notice that the algebra §„ is 
noncommutative and neither left nor right Noetherian). The polynomial Jacobian homomor- 
phism is umque since Vn/\Pn, Vn] — K* . Its analogue is also unique for n > 2 but for n = 1, 2 
there are exactly two of them. The proof is based on the following theorem: 
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1 Introduction 

Throughout, ring means an associative ring with 1; module means a left module; N := {0, 1, . . .} 
is the set of natural numbers; X is a field of characteristic zero and K* is its group of units; 
Pn '■= K[xi, . . . ,Xn\ is a polynomial algebra over K; di := g^,...,c?„ := are the partial 
derivatives (i^T-linear derivations) of P„; Endx(_P„) is the algebra of all if-linear maps from P„ to 
Pn and Autjf (P„) is its group of units (i.e. the group of all the invertible linear maps from Pn to 
Pn)] the subalgebra An '■— K{xi, . . . , x„, 5i, . . . , 9„) of Endi<-(F„) is called the n'th Weyl algebra. 

Definition, [4] . The algebra §„ of one-sided inverses of P„ is an algebra generated over a field 
K of characteristic zero by 2n elements xi, . . . ,Xn,yn, ■ ■ ■ ,yn that satisfy the defining relations: 



where [a, 6] := ab — ba is the algebra commutator of elements a and b. 

By the very definition, the algebra §„ is obtained from the polynomial algebra P„ by adding 
commuting, left (but not two-sided) inverses of its canonical generators. The algebra §i is a 
well-known primitive algebra [HI, P- 35, Example 2. Over the field C of complex numbers, the 
completion of the algebra §i is the Toeplitz algebra which is the C*-algebra generated by a unilateral 
shift on the Hilbert space (note that yi = xl). The Toeplitz algebra is the universal C*- 

algebra generated by a proper isometry. 




[yt^V]] = foraUi ^ j, 
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Example, [1]. Consider a vector space V = ^n^fi Kci and two shift operators on V , X : a i-^ 
Ci+i and F : Ci I— >• ei_i for all i > where e_i := 0. The subalgebra of Endx(T^) generated by the 
operators X and Y is isomorphic to the algebra §i (X i— >• Y i-^ y). By taking the n'th tensor 
power F®" = 0^gpf„ Kca of V we see that the algebra §„ 2± Sf " is isomorphic to the subalgebra 
of Endx(F'^") generated by the 2n shifts Xi,Yi, . . . , X„, that act in different directions. 

The algebra S„ is a noncommutative, non-Noetherian algebra which is not a domain either. 
Moreover, it contains the algebra of infinite dimensional matrices. The Gelfand-Kirillov dimension 
and the classical KruU dimension of the algebra S„ is 2n, but the global dimension and the weak 
homological dimension of the algebra S„ is n, [4]. 

Explicit generators for the group G„. Let G„ :— Aut/j-_aig(§n) be the group of automor- 
phisms of the algebra S„, and S* be the group of units of the algebra §„. The groups G„ and §* 
are huge, eg both of them contain the group GLoo(^) k • • ■ k GLoo(-ft^) which is a small part of 

2^ — 1 times 

them. A semi-direct product Ill^i Hi = Hi k H2 « ■ ■ ■ t< H„i of several groups means that 
Hi K {H2 K {■ ■ ■ tK {H,n-i tx H„i) ■■■). 

Theorem 1.1 1. G„ = Sn k T" k Inn(§„). 

0/ Gi ~ Ti K GLoo(-ft:). 

In the theorem above, Sn — {s €z Sn \ s{xi) = a;^^^), s(yi) — 2/^(1)} is the symmetric group, T" 
{tx\tx{xi) — \iXi,t\{yi) — \^^yi,X = (A^) G if*"} is the n-dimensional torus, Inn(§„) is the 
group of inner automorphisms of the algebra S„ (which is huge) , and GLqo (K) is the group of all 
the invcrtible infinite dimensional matrices of the type 1 -I- Moo{K) where the algebra (without 
1) of infinite dimensional matrices M^oiK) :— \im Mj,{K) = [Jci>i ^^{K) is the injective limit of 
matrix algebras. Theorem 11.11 is a difficult onc~(see the Introduction of 5 where the structure 
and the main ideas of the proof are explained). 

The results of the papers [21 HI El [6l [7] and of the present paper show that (when ignoring non- 
Noetherian property) the algebra §„ belongs to a family of algebras like the n'th Weyl algebra 
An, the polynomial algebra P2n, and the Jacobian algebra A„ (see [21 Ej). Moreover, the algebras 
S„, A„, and An are generalized Weyl algebras. The structure of the group Gi i< GLoo(if) is 

another confirmation of 'similarity' of the algebras P2, ^1, and §1. The groups of automorphisms 
of the polynomial algebra P2 and the Weyl algebra Ai were found by Jung jl2j , Van der Kulk 
[T5] . and Dixmier [S] respectively. These two groups have almost identical structure, they are 
'infinite GL-groups' in the sense that they are generated by the torus T-'^ and by the obvious 
automorphisms: x ^ x + Ay*, y ^ y; x ^ x, y ^ y -\- Ax*, where i € N and A S if; which are 
sort of 'elementary infinite dimensional matrices' (i.e. 'infinite dimensional transvections'). The 
same picture as for the group Gi. In prime characteristic, the group of automorphism of the Weyl 
algebra Ai was found by Makar-Limanov [10] (see also Bavula ^ for a different approach and for 
further developments). 

A next step in finding explicitly the group G„ and its generators is done in [7] where explicit 
generators are found for the group G2 and it is proved that 

• (Theorem 2.12, [7]) G2 ~ 52 k k Z k {{K* k E^{Si)) ^gi.^(K) {K* k £;oo(Si))) where 
£^00 (Si) is the subgroup o/GLoo(Si) generated by the elementary matrices. 

The aim of the present paper is to find explicitly the group Gn (Theorem 14. 2p and its generators 
for n > 2. 

• (Theorem 14. 6p Let Jg := {1, . . . , s} where s = 1, . . . , n. The group Gn = Sn ^ T" k Inn(§„) 
is generated by the transpositions [ij) where i < j; the elements i(A,i,....i) '■ xi 1— > Xxi, 
yi X~^yi, Xk I— > Xk, yk ^ Vk, k = 2, . . . ,n; and the inner automorphisms lo^ where u 
belongs to the following sets: 
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1. dsAJs) := (1 + iVs - 1) n.Ci'(l - ^^y^)) ■ (1 + i^i - 1) n;=2(l - ^iVj))^ s^2,...,n; 

2. 1 + xiEQ^{Js), 1 + x\,E^o{Js), 1 + yiEoMs), and 1 + y^E^oW where t e N\{0}, 
s = 1, . . . , 71 — 1, and a G N''\{0}; and 

3. 1 + (A — l)£'oo(o/^s); 1 + EQa{Js), and 1 + Eao{Js) where A G K* , s — 1, . . . ,n, and 
a e N'\{0}. 

whereEooiJs) := UUii^-^^V^) ' ^OaiJs) := UUiivt' -^^y^'^^)' andEao{Js) := nz=i(^i''- 



The structure and main ideas of finding the generators for the groups G„ and S*. 

A first step is the following theorem which is a consequence of an analogous result for the Jacobian 
algebra A„ (Theorem 4.4, |2j) modulo a discrete subgroup. Then the theorem follows from the 
inclusion §* C A* . 

Theorem 1.2 |g/ 

1. §* — K* X (1 + a„)* where the ideal a„ of the algebra Sn is the sum of all the height one 
prime ideals of the algebra §„. 

2. The centre of the group §* is K* , and the centre of the group (1 + a„)* is {1}. 

3. The map (1 + a„)* hrn(§„), u ^ lOu, is a group isomorphism. 

This theorem reduces the problem of finding the group G„ to the problem of finding the group 
of units (1 + a,i)*. To save on notation, often we identify the groups (1 + a„)* and Inn(§„) via 

UJu- 

The polynomial algebra P„ is a faithful §„-module (see Example above), hence S„ C End/f (P„). 
The ideals of the algebra §„ commute [IJ = J/), There are precisely n height one prime ideals 
of the algebra §„, say pi, ... , p„. They are found explicitly in [1], and they form a single Gn-orbit. 
In particular, the ideals a„_s '■= X^i < - <i Pn ' ' ' Pis ? * = 1, . . . , n, are G„-invariant ideals of the 
algebra §„. The group (1 + a„)* has the strictly descending chain of G„-invariant (hence normal) 
subgroups 



Briefly, to prove results on the group (1 + a,i)* we first prove similar results for the subgroups 
(1 + a„_s)*, s = 1, ... ,n — 1, using a double induction on (rt, s) starting with (n,7i — 1) in the 
second part of the induction (the induction on s is a downward induction, the group (1 + a„_„)* is 
isomorphic to GLoo(^^) and contains no essential information about the overgroups, that is why 
we have to start with (n,n — 1)). The initial case (n,n — 1) is the most difficult one, we spend 
entire Section [3] to treat it. 

Difficulty in finding the group (1 + a„)* stems from two facts: (i) S* ^ §„ n Aut^f (P„), i.e. 
there are non- units of the algebra §„ that are invertible linear maps in P„; and (ii) some units 
of the algebra §„ are product of non-units. To tackle the second problem the so-called current 
groups Qn,si s = 1, . . . , n — 1, are introduced. These are finitely generated subgroups of (1 + o„)* 
generated by explicit generators, and each of the generators is a product of two non- units of S* 
(they are even non- units of End/s:(P„)). The current groups turn out to be the most important 
subgroups of (1 + an)* , they control the most difficult parts of the structure of the group (1 + a„)*. 

In dealing with the case (n, n — 1), we use the Fredholm linear maps/operators and their indices. 
This technique is not available in other cases, i.e. when (n, s) ^ {n,n — 1), but the point is that 
other cases can be reduced to the initial one but over a larger coefficient ring (not a field). The 
indices of operators are used to construct several group homomorphisms. The most difficult part 
of Section [3] is to prove that the homomorphisms are well defined maps (as their constructions are 
based on highly non-unique decompositions). As a result the group (1 -f a„)* is found explicitly. 




(1 + an)* - (1 + a„,i 



)* D ■ • • D (1 + an,s)* D • • ■ D (1 + a„,„_i)* D (1 + a„,„)*. 



• (Theorem|12|) (1 + o„)* = &n,i^n,i 



Q'na^na---K 



n,n-l^",n-li 
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where the sets 0'^ ^ C 0„ ^ and the groups E„ s are given expUcitly, and ([57)1 . As a conse- 
quence we have exphcit generators for the group (1 + a„)*. 

• fTheorem 14.51) The group (1 + a„)* is generated by the following elements: 

1- 6'max(J)j(J") (l + (2/max(,/)- 1)11^6 J\max(.7)(l-2;»y»))-(l + (a;j-l)nfeeJ\j(l-a;feJ/fc)) 

where J runs through all the subsets of {1, . . . ,n} that contain at least two elements, 
j G J\max(J); 

2. 1 + x\EQa{I), 1 + x\Eao{I), 1 + ylEoail), and 1 + ylEao{I) where I runs through all 
the subsets o/{l, . . . , n} such that |/| 1, . . . , n - 1, i G N\{0}, i ^ I, a ^ N^\{0}; and 

3. 1 + (A - l)£'oo(/), 1 + £'oa(/), and 1 + £'ao(/) where \ e K* , I ^ 0, anrf a G N^\{0}. 
Then it is easy to obtain exphcit generators for the group G„ fTheorem l4.6p . 

An analogue of the polynomial Jacobian homomorphism for the group G„. For the 

polynomial algebra P„ there is an important group homomorphism, 

J-„ :K AutA--aig(P„) ^i^*, f7t^det(^^^), (1) 

the so-called Jacobian homomorphism. Note that the Jacobian homomorphism is a determinant. 
Each automorphism a G Vn is a unique product o^affS. of an affine automorphism (Jaff G Aff„ 
and an element ^ of the Jacobian group S„ (see Section [S] for details), and the Jacobian of a is 
uniquely determined by its affine part, i.e. = ■J{o'af f)- This property uniquely characterizes 

the Jacobian homomorphism since 

Vn/[Pn.Vn] ^ AffJAff^ H [P„,P„] ~ K* . 

So, there are two different ways of defining the Jacobian homomorphism: by the explicit formula 
([T]) or as a group homomorphism from Vnl\Pm'Pn\ to K* that is defined naturally (i.e. as the 
determinant) on the affine subgroup Aff„ of Vn- 

The group G„ = S'„ ix T" k Inn(S„ ) has a similar structure as the group Vn where aff „ : = Sn x T" 
is an affine part of G„ and the group Inn(§„) of inner automorphisms plays a role of the Jacobian 
group. In Section [5l we introduce an analogue J„ : G„ K* of the Jacobian homomorphism 
using the second definition of the polynomial Jacobian map as a guiding principle: the map J„ is 
a homomorphism J„ ; G„/[G„, G„] — > K* such that on the affine group aff„ it is defined exactly 
in the same way as in the polynomial case. For n > 2, the homomorphism J„ is unique (Theorem 
15. 6|) by the same reason as in the polynomial case, namely, (Corollary 15. 51 (3)) 

G„/[G„, G„] ~ aff„/[aff„, aff„] ~ Z/2Z x K* . 

But for n = I, 2, the homomorphism JI„ is not unique, there are exactly two of them since (Corollary 
[511(3)) 

{K* if r? = 1 
Z/2Z it n = 2. 

More informally, for n 1 the appearance of the second, exotic JJf^ has connection with existence 
of the determinant (homomorphism) on the group GLooiK), but for n = 2 the exotic is 
explained by the fact that the current group 62 does not belong to the commutant [G2, G2]. For 
n = 1, Ji and JJf^ are algebraically independent characters of the group Gi, but, for n — 2, 
J2 ^ (Jjea;)2 (Theorem [5l|). 

The proofs are based on finding explicitly the commutant [G„ , G„] of the group G„ (Theorem 
I5.4l fl)) and proving that 
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• (Theorem EH (2)) 



K* X K* ifn=l, 
G„/[G„, G„] ~ { Z/2Z X K* X Z/2Z if n = 2, 
Z/2ZxK* ifn>2. 

The most surprising thing is that despite the fact that the algebra S„ is noncommutative, non- 
Noetherian, of Gelfand-KiriUov dimension 2n (not n), not a domain, the unique homomorphism 
J„ 'coincides' with the polynomial Jacobian homomorphism J^^ for the polynomial algebra P„ 
(not P2„): for a £ Gn, 

J„(a)=det(^gil), (2) 
i.e. the homomorphism J„ is the composition of two homomorphisms: 

Gn AutK_aig(Sn/an - L'n), cr ^ a : a + On cr(a) + a„, 
where i„ K[xi, a;j~^, . . . , x„, a:^^] is the Laurent polynomial algebra (see pop ) and 

J„ : Auti^_aig(i„) ^ i,*, rK^det(^^). 

Proof of ([2]). Since G„ = aff„ x Inn(§„) and the factor algebra §„/a„ ~ L„ is commutative, 
the homomorphism ((21) acts trivially on Inn(S„) (i.e. Jn(Inn(§„)) = 1), but on aff^ the map ^ 
acts exactly as in the polynomial case: for each element s ■ t\ € aff„ where s € Sn and t\ G T", 
Jn(s • tx) — sign(s) ■ n"=i where sign(s) G {±1} is the sign/parity of the permutation s. □ 

So, for each element a = s ■ tx ■ cou ^ Gn = 5„ k T" k Inn(S„) where s G 5„, tx G T", and 
uju G Inn(S„), 

n 

J„(ct) = sign(s) • Jl Ai. (3) 

i=l 

One may have noticed that JI„((t) depends only on a{xi), . . . , (t(x„) and the set {xi, . . . ,Xn} is 
not a generating set for the algebra §„. It is a trivial observation that an algebra endomorphism 
is uniquely determined by its action on a set of algebra generators but, for the algebra §„, an 
algebra endomorphism is uniquely determined by its action on either of the sets {xi, . . . or 
{yi, ...,?/„} (which are not algebra generating sets). 

Theorem 1.3 (Rigidity of the group G„. Theorem 3.7, [5]) Let a,T £ G„. Then the following 
statements are equivalent. 

1. a ~ T. 

2. Cr(xi) = t{xi), . . . , (T{Xn) = T{Xn). 

3. a{yi) = T{yi), . . . ,cr(?/„) = t(2/„). 



2 The group (1 + a„)* and its subgroups 

In this section, we collect some results without proofs on the algebras S„ from [4J that will be used 
in this paper, their proofs can be found in 4^. Several important subgroups of the group (1 + o„)* 
are introduced. The most interesting of these are the current subgroups Qn,s, s — 1, . . . ,n — 1. 
They encapsulate the most difficult parts of the groups S* and G„. This section sets a scene for 
proving the main results of the paper. 
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The algebra of one-sided inverses of a polynomial algebra. Clearly, §„ = §i(l) (X) ■ • ■ ® 
§i(n) ~ §f " where := K{x^, yi \ y^x^ = 1) ~ §i and 

where a;" := x"^ • • -x^", a — (ai, . . . ,a„), :— yf^ • • -y.^^", f3 — . . . ,l3„)- In particular, the 
algebra §„ contains two polynomial subalgebras P„ and Qn K[yi, . . . ,yn] and is equal, as a 
vector space, to their tensor product Pn ® Qn- Note that also the Weyl algebra An is a tensor 
product (as a vector space) P„ ® K[di, . . . , dn] of its two polynomial subalgebras. 

When n = 1, we usually drop the subscript '1' if this does not lead to confusion. So, Si — 
K{x, y\yx ^ 1) ^ 0- -y^^ Kx^y^ . For each natural number d > 1, let Md{K) :— 0^^1o ^^ij 
the algebra of (i-dimensional matrices where {Eij} are the matrix units, and 

M^iK) := limMrf(if) = KE,, 

be the algebra (without 1) of infinite dimensional matrices. The algebra §i contains the ideal 
P — ®^,J&lKE,J, where 

E,j := xY - x'^'y'^\ hj>0. (4) 

For all natural numbers i, j, k, and Z, EijE^i = SjkEn where Sjk is the Kronecker delta function. 
The ideal F is an algebra (without 1) isomorphic to the algebra Moo{K) via Eij i-^ Eij. For all 

xE.,j = yE^j = (-E_ij 0), (5) 

EijX ^ Ei^j-i, Etjy = Eij+i {Ei -i:^0). (6) 

The algebra 

§1=^0 xK[x] © ® F (7) 
is the direct sum of vector spaces. Then 

E>i/F ~ K[x,x^^]^: Li, x ^ x, y ^ x"\ (8) 

since yx = 1, xy = 1 — Eqq and Eqq e F. 

The algebra §„ = contains the ideal 

n 

P„:=F«"= where :=n^".ftW' ^".ft (i) := 'yf - a^^+'z/f 

Note that EapE^p = SpjEap for all elements a,P,'j,p € N" where Sfs^ is the Kronecker delta 
function. 

The involution jy on §„. The algebra §„ admits the involution 

yy : S„ ^ S„, Xi^^^i, yt^Xi, i^l,...,n, 

i.e. it is a if -algebra anti-isomorphism {r]{ab) ~ rj{b)rj{a) for all a,b ^ §„) such that rf' — idg^, the 
identity map on S„. So, the algebra S„ is self-dual (i.e. it is isomorphic to its opposite algebra, 
r] : Sn — §$7")- The involution rj acts on the 'matrix' ring Fn as the transposition, 

ri{E^p) = Ep^. (9) 

The canonical generators Xi, yj (1 < < n) determine the ascending filtration {§n,<i}ieN 
on the algebra S„ in the obvious way (i.e. by the total degree of the generators): Sn.<i ■— 
®\a\+\p\<i^^"'y'^ where |a| = ai + ■ ■ ■ + q;„ (§,i,<i§,i,<j C §„xi+j for aU i,j > 0). Then 
dim(S„_<i) = (*tn") ^'^^ * ^ 0, and so the Gelfand-Kirillov dimension GK (§„) of the algebra S„ 
is equal to 2n. It is not difficult to show that the algebra S„ is neither left nor right Noetherian. 
Moreover, it contains infinite direct sums of left and right ideals (see [3]). 
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• The algebra S„ is central, prime, and catenary. Every nonzero ideal of §„ is an essential 
left and right submodule o/§„. 

• The ideals o/S„ commute (IJ = JI); and the set of ideals o/§„ satisfy the a.c.c. 

• The classical Krull dimension cl.Kdim(§„) of §„ is 2n. 

• Let I be an ideal o/§„. Then the factor algebra §„// is left (or right) Noetherian iff the 
ideal I contains all the height one primes o/§„. 

The set of height 1 primes of S„. Consider the ideals of the algebra S„: 

pi :^ F(S)§n-i, p2 := §1 §„-2, . . . ,p„ := §„-i F. 

Then S„/p, ~ S„_i ^ (Si/F) ~ S^-i ^ K[x,, x^^] and 0^=1 P» = 11^=1 P» = Clearly, p, ^ p^ 

for all i ^ j. 

• The set Hi of height one prime ideals of the algebra §„ is {pi, . . . , p„}. 
Let a„ := pi + ■ • • + pn. Then the factor algebra 

n 

§„/a„ ~ (Si/F)®" ~ (g) K[x,,x-^] = if [xi, . . . , x„, x-i] L„ (10) 

i=l 

is a skew Laurent polynomial algebra in n variables, and so a„ is a prime ideal of height and 
co-height n of the algebra S„ . 

Proposition 2.1 /^/ The polynomial algebra Pn is the only faithful, simple Sn-module. 

In more detail, s„P„ ~ §n/(I]jLo ^"fO = ®qgN" Kx"T, T := 1 + J2i=i ^nUi', and the action 
of the canonical generators of the algebra S„ on the polynomial algebra P„ is given by the rule: 

Q, a+e, a \ if tti > 0, i a c 8 

Xi* X — X ^ ' , yi* X = < and Fp^ * x = o^aX' , 

10 if tti = 0, 

where ei := (1, 0, . . . , 0), . . . , e„ := (0, . . . , 0, 1) is the canonical basis for the free Z-module Z" = 
0"^-^ Zci. We identify the algebra S„ with its image in the algebra Endi<-(P„) of all the if-linear 
maps from the vector space P„ to itself, i.e. S„ C End/f (P„). 

For each non-empty subset / of the set {l,...,7i}, let S/ := — where |/| is 

the number of elements in the set /, Fj := ^i^jF{i) ~ Moo{K), aj be the ideal of the algebra 
S/ generated by the vector space 0j£/P(«), i.e. a/ := X^ie/ ^(*) ® The factor algebra 

Xi,x^ is a Laurent polynomial algebra. For elements a = (ai)ig/,/3 = 
{f3^)^eI e N^ let Ea^f} := 11,6/ ^^a.ft (/)• Then S^^jS^p = 6p^E^p{L) for all G 

The G„-invariant normal subgroups (l + a„_s)* of (l + a„)*. We will use often the following 
two obvious lemmas. 

Lemma 2.2 Let R be a ring and Ji, . . . , /„ be ideals of the ring R such that lilj = for all 
i ^ j ■ Let a = l-|-ai + -- - + a„Gi? where ai S /i , . . . , a„ G /„ . The element a is a unit of the ring 
R iff all the elements 1 + are units; and, in this case, a^^ = (1 + ai)^^{l + 02)^^ • • • (1 + 0,1)^"'^. 

Let i? be a ring, R* be its group of units, / be an ideal of R such that I ^ R, and let (1 -t- /)* 
be the group of units of the multiplicative monoid 1 + /. 

Lemma 2.3 Let R and I be as above. Then 
1. i?*n(l + /) = (1 + /)*. 
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2. (1 + /)* is a normal subgroup of R* 



For each subset / of the set {!,... ,n}, let p/ := Hie/ Pi: p0 §„. Each p/ is an ideal 
of the algebra and p/ = IliG/Pi- '^-'^^ complement to the subset / is denoted by CI. For an 
one-element subset {«}, we write Ci rather than C{i\. In particular, pci •= Pc{i} ^ C\j^iPj- 

For each number s — 1, . . . ,n, let a„_s := X]|/|=sP^- -1^^ very definition, the ideals a„_s 
are G„-invariant ideals (since the set Tlx of all the height one prime ideals of the algebra S„ is 
{pi, . . . ,p„}, [S], and Hi is a G„-orbit). We have the strictly descending chain of G„-invariant 
ideals of the algebra S„ : 



cin,i D a„.2 D ■ • • D a,i.s D ■ • • D a,i.„ — Fn D a„ „+! 



0. 



These are also ideals of the subalgebra K + a„ of S„. Each set a„.s is an ideal of the algebra 
K + On^t for all t < s, and the group of units of the algebra K + a„_s is the direct product of its 
two subgroups (Lemma 12. 31 fl')'). 

{K + a„,,)* ^K* x{l + a„,s)*, s = 1, . . . , n. 

The groups {K + a„^s)* and (1 + a„_s)* are G„-invariant. For each number s = 1, . . . , n, the factor 
algebra 

{K + a„,s)/an,s+i = ^ P/ 

/|=s 

contains the idempotent ideals p/ := (p/ + an.s+i) / <^n.s+i such that p/pj = for all / 7^ J such 
that |/| = I J| = s. 

Recall that for a Laurent polynomial algebra L = K[x,x^^], Ki(L) ~ L*, [T], [IT] . 



(11) 



where Eoo{L) is the subgroup of GLoo{L) generated by all the elementary matrices {1 + aEij \ a e 
L, j,j e N,i ^ j}j and [/(L) := {^i{u) mE'oo + 1 - i?oo \ u £ L*} ~ L*, ^(u) ^ u. The group 
Eoo{L) is a normal subgroup of GLoo(L), this is true for an arbitrary coefficient ring. 

By Lemma[52]and pT|) . the group of units of the algebra {K + an,s) / <^n,s+i =■ K -\- <^n,s / <^n,s+i 
is the direct product of groups, 

(i^ + a„,,/a„,,+i)* =i^*x Wil + pj)* ^K* X [| GL„o(ic/) - i^* x J] {/(Lc/) k ^;oo(ivc/) 

|7|=s \I\=s 

since (1 + p/)* ~ (1 + Moo{Lci))* — GLoo(ic/) where Lc/ ■— Sci/aci — {S>iec7^[ 
the Laurent polynomial algebra. In more detail, for each non-empty subset / of {1, . . . , n}, let 
:= 0^g^ Ze„ it is a subgroup of Z" = 0"^^ Ze^. Similarly, := 0,^^ Ne^. By HI]), 



(1 + p,)* = C/(Lc/) K E^iLci) = (C//(i^) X Xc/) K ^oo(ic/) 



(12) 



where 



C/(Lc/) := {/i/(") "£^oo(/) + 1 - Eoo{I) \ u e L^,} ~ /./(m) 



T * 

Uj{K) 
Eoo{Lci) 



= {Ax" I A e e Z'^-f}, 

= {Ai/(A) := \Eoo{I) + 1 - Soo(/) | A G if*} ~ if*, ^/(A) A, 
= {^lI{x'') -.^ x^Eooil) + 1 - Eoo{I) I a e Z^^} ^ Z^^^ ^ Z"-^ ^^^(2^") 
(l + a^„;3(i)|aeic/,a,/3eN^a^/3}. 



The algebra epimorphism ipn.s ■ K + <^n,s {K + <^n,s)/<^n,s+i^ ot 1— > a + an,s+i, yields the group 
homomorphism of their groups of units {K + an,s)* {K + an,s/ ^n,s+i)* and the kernel of which 
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is (1 + a„.s+i)*. As a result we have the exact sequence of group homomorphisms: 
1 -(1 + )* ^ {K + an,s)* ^ (K + a„,,/a„,s+i)* 



(l + a„,,+i)* K*x{l + an^,)* ^* xn|/|=3(l + P/)* 

which yields the exact sequence of group homomorphisms: 

1 (1 + a„,,+i)* ^ (1 + a„,,)* Yl (l+Pi)* ^ n GLoo(ic/) ^ ^n,. ^ 1- (13) 

\I\=s |7|=s 

Intuitively, the group Zn^s represents 'relations' that determine the image im(?/'„^s) as the subgroup 
of n|/|=s(l + We will see later that the group Zn^s is a free abelian group of rank (j,"^) 

fCorollarv l4.3p . So, the image of the map ipn,s is large. Note that an,s+i and p/ (where |/| = s) 
are ideals of the algebra K + a„^s. By Lemma [^31 the groups (1 + a„_s+i)* and (1 + p/)* (where 
\I\ — s) are normal subgroups of (1 + a„^s)*- Then the subgroup T„^s of (1 + an,s)* generated by 
these normal subgroups is a normal subgroup of (1 + an,s)* ■ As a subset of (1 + a„^s)*, the group 
Tn,s is equal to the product of the groups (1 + a„,s+i)*, (1 + pi)*, \I\ — s, in arbitrary order (by 
their normality), i.e. 

T„,. = n (1 + P^)* ■ (1 + an,.+l)*- (14) 

\I\=s 

By Theorem 11.11 and Theorem 11.21 the group T„ ^ is a Gn-invariant (hence, normal) subgroup of 
§* . We will see that the factor group (1 + cXn,s)* f^n.s is a free abelian group of rank (g"]^)s, see 

By (IT^ . the direct product of groups n|7i=s(l + P/)* = ^n,s is the semi-direct product 

of its two subgroups 

X„,, := H Xci ^ and r„,, := UiiK) k E^{Lci). (15) 

\I\=S \I\=S 

For each subset / of {1, . . . ,n} such that |/| = s, Ui{K) k £'oo(Sc/) is the subgroup of (1 + p/)* 
where 

Ui{K) := {^ii{X) I A G if *} ~ K\ E^i^ci) ■= (1 + aE^f,{I) \ a £ Sc/, a ^ f3 € N^), (16) 
where ^/(A) := XEoo{I) + 1 - Eoo{I)- Clearly, 

i^n,s\u,{K) ■■ Ul(K) ^ Ul{K), ^ lJil{\), 

and ■>pn,s{Ui{K) k i?oo(§c/)) = Ui{K) k Eoo{Lci) for aU subsets / with |/| = s. The subgroup of 
(l + a„,.)*, 

r„,, Cl(r„,s) = n (f^(^) ^ ^oo(Sc/)) • (1 + o„,.+i)*, (17) 

is a normal subgroup as the pre-image of a normal subgroup. We added the upper script 'set' 
to indicate that this is a product of subgroups but not the direct product, in general. It is 
obvious that ipn.si^n.s) ~ ^n,s and Tn,s C Tn,s- We will see that, in fact, r„.s = Tn,s (Theorem 
14. 4p . Let An,s ■— (1 + ci,i,s)*/r„,s. The group homomorphism V'n.s (see (fT3|) ) induces the group 
monomorphism 

^„^, : A„,, ^ II (1 +p,)*)/r„,, ~ X„,, ~ Z(")("-^). 

\I\=S 

This means that the group A„ is a free abelian group of rank < (")('^ ~ fact, the rank is 

equal to (^!^]^)s, see (p8| . 
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For each subset / with |/| — s, consider a free abehan group X'^^ := 0^gp^Z(j', /) ~ Z" * 
where {(j, I)\j^ CI} is its free basis. Let 

K,s := = mi) ^ 

\i\=s \i\=sjeci 
For each subset /, consider the isomorphism of abehan groups 

Xci X^/, ■■= XjEoq{I) + 1 - Eoq{I) ^ {],!)■ 

These isomorphisms yield the group isomorphism 

X„,, ^X:,,,, tii{x,)^{j,I). (18) 

Each element a of the group ^n,s is a unique product a — n|7|=s Iljec/ f^ii^j)"^'''^^ where n{j, I) G 
Z. Each element a' of the group X^ ,, is a unique sum a' — X]|/|=s X^jgc/ ^) ' 0'^) where 
n{j, I) e Z. The map ifTS]) sends a to a' . To make computations more readable we set e/ := Eoo(I). 
Then e/ej = e/yj. 



The current groups &n,si s — 1, . . . , n — 1. The current groups Qn,s are the most important 
subgroups of the group (1 + ttn)*- They are finitely generated groups and the generators are given 
explicitly. The adjective 'current' comes from the action of the generators on the monomial basis 
for the polynomial algebra P„. When we visualize the algebra P„ as a liquid and the monomials 
{x"} are its atoms then the action of the generators of the group 8„^s on the monomials resembles 
a current, see The generators shift the liquid only on the faces of the positive cone N" « P„. 
The generators of the groups Q„^s are units of the algebra S„ but they are defined as a product 
of two non-units. As a result the groups Qn,s capture the most delicate phenomena about the 
structure and the properties of the groups S* and Gn- 

For each non-empty subset / of {1, . . . , n} with s := |/| < n and an element i G CI, let 

X{i, I) := fij{x,) = x,Eoo{I) + 1 - Eoo{I) and Y{i, I) := fij{y,) = y^Eoo{I) + 1 - Eoo{I). 

Then Y{i,I)X{i,I) = 1, kerr(i,/) = Pc(ivji), and P„ = imX(i, /) ^^(/uj) where Pc(/uj) := 
I^[^j\jec(i\ji)- As an element of the algebra Endx(Pn), the map X{i,I) is injective (but not 
bijective), and the map Y{i,I) is surjective (but not bijective). 

Definition. For each subset J of {1, . . . , n} with | J| = s + 1 > 2 and for two distinct elements 
i and j of the set J, 

%(J) Y{i,J\i)X{j, J\j) g (1 +p,,\, +p^\^.)* ^ (1 + a„,.)*. 

The current group Qn,s is the subgroup of (1 + an,s)* generated by all the elements dij{J) (for 
all the possible choices of J, i, and j). 

In more detail, the element 9ij{J) belongs to the set 1 + pj\j + pjy^ and 6ij{J)~^ = Oji{J) G 
1 + Pj\i + Pj\j- This follows from the action of the element Oij{J) on the monomial basis of the 
polynomial algebra P„, 

x" if 3fc e J\{i, j} : afc 7^ 0, 
x" if Vfc e J\{i, j} : afc = 0,a, > 0,aj > 0, 
x"-^' if Vfc e J\{i, j} : afc = 0,aj > 0,aj = 0, 
if Vfc e J\{i , j} ■.ak=0,a,= 0, > 0. 

Alternatively, note that ^j\j(xjyj) ~ ^^J\j{^ ^ ^{j}) ~ ^ ~ '^{j}^J\j = 1 ~ and (using ^) 
f^j\i{yi)ej = (1 + iVi - l)ej\i)ej = ej + (y^ - l)e,/ = ej - ej = 0, then 

0tj{J)9jt{J) = iJ-j\i{yi)p^.j\j{xj) ■ ^^J\J{yj)^lJ\^{xi) = ^iJ\^{y^) ■ nj\j{xjyj) ■ nj\,{x,) 

= Mjv(y*) • (1 - ej) • fJ.J\^{x^) = fJ.J\^{ytXi) = Alj\,(l) = 1. 
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By symmetry, 0ji{J)6ij{J) = 1, i.e. 

e,,{J)^ej,{J)-\ (20) 

Therefore, the unit Oij (/) is the product of an injective and surjective maps which are not bijections. 
Suppose that i, j, and k are distinct elements of the set J (hence | J| > 3). Then 

o^AJ)SAJ) = W)■ (21) 

Indeed, 

= l^.J\t{yt) ■ fKj\j{xjyj) ■ iij\k{xk) 
= ^^J\t{yi} ■ - ej) ■ fJ:J\k{xk) 

= f^j\i{yi)fj'.j\k{xk) = Oik{J)- 

For each number s = l,...,n — 1, the free abehan group ^ admits the decomposition j, = 
® I ® ju/= J '^iJ^ using it we define a character (a homomorphism) x'jy for each subset 

J with \ J\ = s + 1: 

\J'\=s+l jUl=J' jUl=J 

Let max( J) be the maximal number of the set J. The group ^ is the direct sum 

K.s = K.s^K,s (22) 

of its free abelian subgroups, 
K,s - n ker(Xj)- Z(-(max(J),J\max(J)) + (J,J\J))^z(=^0^ 

,/|=s+l I J|=s+1 max(,/) 

K^s = Z((max(J), J\max(J)) ~ Z(=?i). 

\J\=s+l 

Consider the group homomorphism tjj'^ ^ : (1 + a„.s)* —> X^ ^ defined as the composition of the 
following group homomorphisms: 

V^;,, : (1 + an,sT ^ (1 + a„,,)7r„,, ''^^ Y[ (1 + p,)7r„,3 ~ x„,, ^ x;,^,. 

Then 

i^'nJO,jiJ))^-{hJ\^) + {j,J\j)- (23) 

It follows that 

^'„je„,,) = K^,, (24) 

since, by ([23]), ip'^ s{Qn,s) 3 s the free basis for K'^ ^, introduced above, belongs to the set 
V';,,(e„,,); again,' by (ESD, ^'n,sl&n,s) C 0] ker(x'j) = K,s)- 

Let H,Hi, . . . , Hm be subsets (usually subgroups) of a group H' . We say that H is the product 
of ffi, . . . , -ffm, and write H = Ili^i = Hi ■ ■ ■ Hm, if each element h oi H is a product 
h — hi ■ ■ ■ hra where hi G Hi. We add the subscript 'set' (sometime) in order to distinguish it 
from the direct product of groups. We say that H is the exact product of Hi, . . . , Hm, and write 

_ exact Jl™ ^ — ' ' ' X ex Hm, if each element h oi H is a. unique product h = hi ■ ■ ■ hm 

where hi G H^. The order in the definition of the exact product is important. 

The subgroup of (1 + an,s)* generated by the groups Qn,s and Tn,s is equal to their product 
©n.sTn.s, by the normality of r„^s- The subgroup Tn,s of the group Qn,s^7i,s is a normal subgroup, 
hence the intersection Qn,s H Tn^g is a normal subgroup of Qn,s- 
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Lemma 2.4 For each number s = 1, . . . ,n — 1, the group On,s^n,s is the exact product 

0n,sr„_s = JJ^ (^max(J)j(>^)} ■ r„_s, 

I J| = s+1 jeJ\ max(J) 

i.e. each element a e <dn,s^n,s is a unique product a = n|j|=s+i IljeJV max(,7) ^max(j) j (>^)"'^^"''' ' 7 
where n(j, J) G Z and 7 G r„.s. Moreover, the group On,s^n,s is the semi-direct product 

Qn,s^n,s = Yl n (^max(J),j(>^)) X r„,s, 

I J| = s+1 j"e.7\ max(J) 

where the order in the double product is arbitrary. 

Proof. The lemma follows at once from (IMl) and the fact that the elements ip'^ s(^max(j) j (>^)) = 
— (max( J), J\ max( J)) + (j', J\.?) form a basis for the free abelian group KJ^ ^. □ 

For each number s = l,...,n — 1, consider the subset of (1 + a„.s)*, 

n n (^^max(,/),,(J)), (25) 

I J|=s+1 max(,/) 

which is the exact product of cyclic groups (each of them is isomorphic to Z) since each element 
u of e;^^^ is a unique product u = III j|=s+i Die j\ max(j) ^inax(j) j (^Z)"^^'"'^ where n{j,J) G Z 
(Lemma 12.41) . 

By LemmaHH e„,,/e„,, n r„,, ~ e„,,r„,,/r„,, ~ K;^, ~ Z(=^l)^ and so 

[e„,„e„,,] c r„,,. (26) 

The next theorem is the pennacle of finding the explicit generators for the groups S* and Gn ■ 

Theorem 2.5 ^^^^((l + »„,«)*) = V4,.(0rus) /or s = 1, . . . , n - 1. 

A rough sketch of the proof. The proof is rather long, it is given in Section 3) We use an 
induction on n (the case n = 2 was considered in [7]), and then, for a fixed n, we use a second 
downward induction ons = l,...,n — 1 starting with s — n — 1. The initial step (n, s) = {n,n — 1) 
is the most difficult one. We spend entire Section [3] to give its proof. The remaining cases, using 
double induction, can be deduced from the initial one (for different n', i.e. when n' runs from 
1 till n). The key idea in the proof of the case (n,rt — 1) is to use the Fredholm operators and 
their indices. Then using well-known results on indices, some (new) results on the Fredholm 
operators and their indices from [7] and their generalizations obtained in Section [3] we construct 
several index maps (using various indices of the Fredholm operators). The most difficult part is 
to prove that these maps are well-defined (as their constructions are based on highly non-unique 
decompositions). Then the proof follows from the properties of these index maps. □ 



3 The groups (1 + a„,n-i)* and Qn,n-i 

In this section, the group (1 -f a„^„_i)* is found (CoroUarv 13. 9p . We mentioned already in the 
Introduction that the key idea in finding the group Gn is to use indices of operators. That is why 
we start this section with collecting known results on indices and prove new ones. These results 
are used in many proofs that follow. 

The index ind of linear maps and its properties. Let C be the family of all if -linear 
maps with finite dimensional kernel and cokernel (such maps are called the Fredholm linear 
maps/operatorts). So, C is the family of Fredholm linear maps/operators. For vector spaces 
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V and U, let C(V, U) be the set of all the linear maps from V to U with finite dimensional kernel 
and cokernel. So, C — Uy ;7^(^' U) is the disjoint union. 

Definition. For a linear map 93 G C, the integer ind((y5) := dimker(iy9) — dim coker(iy9) is called 
the index of the map Lp. 

For vector spaces V and [/, let C(F, C/), := {lp G C(F, [/) | ind((^) = i}. Then C(F, C/) = 
lJjg^C(V, is the disjoint union, and the set C is the disjoint union yji^^Ci where Ci := {ip G 
C I ind{ip) = i}. When F = f/, we write C(F) := C(F, V) and C(T/)j := C(F, V)^. 

Example. Note that Si C End/^(Pi). The map a;' G End/4:(Pi) is an injection with Pi = 
(®j=o -^^"') ® ™(^*)' ^'^'i ^ Endx(i^i) is a surjection with ker(y*) = ^^j^q Kx^ . 

Hence 

ind(x*) = -i and ind(y*) = i, i > 1. (27) 

Lemma 13.11 shows that C is a multiplicative semigroup with zero element (if the composition 
of two elements of C is undefined we set their product to be zero). The next two lemmas are well 
known. 

Lemma 3.1 Let ip : M —> N and ip : N L be K-linear maps. If two of the following three 
maps: ip, ip, and ipip, belong to the set C then so does the third; and in this case, 

ind(iy9?/') = ind(iy9) + ind(V'). 
By lemma Ol C{N, L),C{M, N)^ C C{M,L),+j for all i,j G Z. 
Lemma 3.2 Let 




be a commutative diagram of K-linear maps with exact rows. Suppose that (pi,(^2,¥'2 G C. Then 

ind(i^2) = ind(i^i) + \nd{ips). 

Let V and U be vector spaces. Define I{V,U) :~ {(p G Homi<-(V,C/) |dimim((y5) < 00}, and 
when V we write I{V) := I(V, V). 

Theorem 3.3 Let V and U be vector spaces. Then C{V, U)^ +I{V, U) = CiV, U)^ for all i G Z. 

Lemma 3.4 Let V and V' be vector .spaces, and ip : V ^ V' be a linear map such that the 
vector spaces ker(iy9) and coker(95) are isomorphic. Fix subspaces C/ C 1/ and W ^ V such that 
V = ker(iy9) ^ U and V' = W ^mi{ip) and fix an isomorphism f : ker((y9) — > W (this is possible 
since her^ip) ~ coker((y5) ~W) and extend it to a linear map f : V ^ V by setting f{U) — 0. 
Then the map ^p -\- f : V ^ V is an isomorphism. 

Corollary 3.5 L 1 + F,, C C(P„)o. 

2. S; + F„ CC(P„)o- 

Proof. Both statements follows from Theorem 13.31 S* G C(P„)o and F„ G 2{Pn), but we give 
short independent proofs (that do not use Theorem 13. 3p . 

1. Since 1 + F„ ~ 1 + Moo{K), statement 1 is obvious. 

2. Let u G S* and / G F„. Then u~^f G F„. By statement 1, the element 1 + u^^f G C(P„)o. 
Since u G C(P„)o, we have u + f = u{l + u^^f) G C(P„)o, by Lemma l3Tl □ 
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The subgroup 8„^„_i of (1 + a„_„_i)* for n >2. For each pair of indices i ^ j, the element 



% := ({1, . . . , n}) := (1 + {y, - 1) [] Eooik)) ■ (1 + (x, - 1) [] i;oo(/)) e (1 + a„,„_i)' 



is a unit and 

= (l + (%-l)n^oo(0)-(l + (a;. -l)n^oo(^)) ^ (l + an,n-i)* 
i.e. = Oji. This is obvious since 



(28) 



if ai > 0, Vfc ^ i : afc = 0, 

if aj >0,'il^j:ai^ 0, and e:r.^*x° 

otherwise, 



' ' * if Q!i > 0, Vfc 7^ J : afc = 0, 

aj — 1 

a;" 



if aj > 0, V/ 7^ j : a; = 0. 
otherwise. 



Using the above action of the elements 9ij on the monomial basis for the polynomial algebra P„, 
it is easy to show that the elements 9ij commute modulo (1 + F„)*; , OjkOij = 9i^k mod (1 + F„)* 
for all distinct elements i, j, and fc; and Oij * 1 = x™ for all m > 1. Recall that Qn,n-i is the 
subgroup of (1 + a„^„_i)* generated by the elements 9ij. It follows from 

^'^^ if tti > 0, Vfc ^ i : Ofe = 0, 



otherwise, 



that the map 1 + (j/i — 1) Yik^i -^oo(fc) G Endx(P„) is a surjection with kernel equal to K, and so 

(29) 



ind(l + (2/, -l)n-Eoo(fc)) = l. 

k^i 



Similarly, it follows from 



(i+(x, -i)n^^oo(o)*^"= 



otherwise, 



that the map 1 + {xj — l)Y\i-ij Eoo{l) G Endx(P„) is an injection such that P„ = i^0im(l 
i^j - 1) Eoo{l)), and so 



indil + {xj - l)l[Eoo{l)) = -I. 



(30) 



We see that the unit 9ij of the algebra §„ is the product of two non-units having nonzero indices of 
opposite sign (note that ind{9ij) — 0, and so the sum of the two indices is equal to zero). Lemma 
13.61 shows that this is a general phenomenon, and so the group (1 + a,i.„_i)* is a 'complicated' 
group in the sense that in producing units non-units are involved. 

Lemma 3.6 Let u = 1 + X)"=i G (1 + fln,n-i)* where Ui e pci- Ttien 

1. 1 + £ C{Pn) for all i — 1, ... , n; and J2^=i iiid(l + a^) = 0. 

2. If u ^ 1 + X)"=i '^'i wtiere a[ G pci then ind(l + a^) = ind(l -|- a[) for all i — 1, . . . , n. 

Proof. 1. Since G pci for all i, we have a^aj G Fn provided i ^ j. It follows that the 
elements f := u — {1 + ai)(l + 02) • • • (1 -f a„) and /' := m — (1 + 02) • • • (1 + a„)(l + ai) belong 
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to the ideal F„. By Corollary 13.51 (2). u — f,u — f ^ C(P„)o- Then, it follows from the equalities 
It - / (1 + ai)(l + aa) • • • (1 + a„) and u - /' = (1 + as) • • • (1 + a„)(l + ai) that 

iin(l + ai) 3 im(M — /) and ker(l + ai) C ker(?i — /'). 

This means that 1 + ai G C(P„). By symmetry, 1 + Oj G C(P„) for all i. By Corollary 13. 51 (21 and 
Lemma I3.1i 

n 

= ind(u) = ind(u — /) = ind(l + ai) • • • (1 + a„) = ^^ind(l + ai). 

2=1 

2. For each number i, fi a- - = - aj") ^ PaClPt = n"=iPj = Fn- Since 

P« C Z(P„), we see that ind(l + a-) = ind(l + + %) = ind(l + a^), by Theorem!^ □ 

By Lemma 13.61 for each number i — 1, . . . , rt, there is a well-defined map, 

n 

indi : (1 + a„,„_i)* ^ Z, u = 1 + ^ i-^ ind(l + a^), (31) 

1=1 

(where Ui G pci) which is a group homomorphism: 

n n 

indj(uM') = ind,t((l + ai){l + a',-)) = ind(l + Qj + a- + a^a-) 

j=i j=i 

= ind((l + a,)(l + a^)) = ind(l + a,) + ind(l + a'J 

= indi(u) + indi(u'). 



since aja'j G pcj for all j. Let A^„,„_i be the kernel of the group epimorphism 

n — 1 n—1 n n — 1 

ind, : (1 + a„,„_i)* ^ Z"-i Ze„ 1 + ^ ^ ^ ind(l + a,) • e„ 

Z— 1 2—1 Z— 1 2—1 

where ai G pci for i = l,....n. The restriction of the epimorphism to the subset Q'nri-i 

n-l 



e^act f]" i(6»„j) is a bijection since (by ^ and (PPll) 



0ind,(0,-,+i) = 



- Cj+i if j < n - 1, 
e„_i ifj = n-l. 



i=l 

Therefore, 

n 

(1 + a„^„_i)* = ^""^*e;,„_i • /C„,„„i, /C„,„_i = fl ker(ind,), (32) 

i=l 

by Lemma |3.6I (1V So, /C„^„_i is the normal subgroup of the group (1 + o„^„_i)*, 6'j„_i n 
^n,w-i = {1}: and each element u of the group (1 + an,s)* is a unique product vw for some 
elements v G 6^.„_i and w G JCn,n-i- The subgroups (1 + pci)*, i — l,...,n of the group 
(1 + a„,„_i)* or (1 + a„)* are normal, and (1 + pa)* [){! + pcj)* = (1 + F^)* for all i ^ j. 
The product OiLill + Pci)* •= {""i ' ' ' 'u-n \ Ui G (1 + pcj)*i « = 1, . . . , is a normal subgroup of 
(1 + o„^„_i)* and (1 + a„)*. In fact, the order in the product can be arbitrary (by normality). 
Clearly, nr=i(l + Pa)* '!= I^n,n-i- In fact, the equality holds as the next proposition shows. 

Proposition 3.7 1. /C„,„_i U7=i{l + Pa)* ■ 

2. (1 + an.n-l)* = '""^''Q'n.n-l ' illUi^ + Pa)*) = (Ons) K ■ ■ • K (0„,„-l) K (nr=l(l + Pa)*)- 
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Proof. 1. It suffices to sliow that each element u = 1 + X]r=i '^^ (where G Pa) of the group 
K.n,n-i is a product ui ■ • ■ m„ of some elements Ui e (1+pci)*- By Lemma l+oi G C(P„)o since 
u G /Cn,n-i- Fix a subspace, say W , of P„ such that P„ = ker(l + ai) and W = 0Q,g/ isTa;" 
where / is a subset of N". By Lemma we can find an element /i G Fn (since dimker(l + ai) < 
oo, W has a monomial basis, and fi{W) = 0) such that ui := 1 + ai + /i G AutK{Pn)- We claim 
that ui G (l + pci)*- It is a subtle point since not all elements of the algebra S„ that are invertible 
linear maps in P„ are invertible in §„, i.e. §* ^ §„ n Autx (Pn) but 

(1 + F„)* - (l + F„)nAut^f(P„), [5J. 

The main idea in the proof of the claim is to use this equality. Similarly, for each i > 2, we can 
find an element fi G F„ such that Vi := 1 + ai + fi G Autif (P„). Then v :— V2 ■ ■ ■ Vn & Aut/f (P„), 
u = uiv + gi and u = vui + g2 for some elements gi € Fn. Hence, 

uivu^^ = 1 — giu^^ and u^^vui — 1 — u^^g2, 

and so 1 - giu^^, 1 - u~^g2 G (1 + P„) n Aut/f (P„) = (1 + P„)*. It follows that u^^ = vu^^^l - 
giti"^)"^ e (1 + pci)* since 

1 = 1— giu^^ = uivu^^ = vu^^ mod pci- 

This proves the claim. Clearly, u'2 :~ v + Ui^gi G 1 + X]J=2pC'j- Then, it follows from the 
equality u — uiv + gi ^ ui{v + u^^gi) = uiu'2 that u'2 — u'^^u G (1 + X]j=2 Pcj)* ■ Repeating 
the same argument for the element U2 we find an element U2 G (1 + PC2)* such that U3 :— 
U2^U2 G (1 + X^J^aPcj)*- Repeating the same argument again and again (or use induction) we 
find elements Ui G {1 + pci)* and elements u- G (1 + X]j'=i+i Pcj)* such that m- — hence 
u = uiu'2 — = • • • = U1M2 • ■ - Un, as required. 

2. Statement 2 follows from statement 1 and (|32|) . □ 

For each number i = 1, . . . , n, the group of units of the monoid l+pci = 1+Si(i) ^^^^i -^(i) — 
l + Moo(§i(z)) is equal to (l + pc^)* ~ GLoo(Si(*))- It contains the semi-direct product Uci(K) k 
-£'oo(Si(i)) of its two subgroups, where 

Ua{K) := {xHEooU) + 1 -1[Eoo{j) \ X e K*} ~ K\ 

and the group £'oo(Si(i)) is generated by all the elementary matrices 1 + aEki{Ci) where k,l G 
N"-i, fc ^ EkiiCi) := ni5:^,^fc,i,(j). and a G Si(i). We will see (Proposition [3ll) that the 
group (1 +pci)* coincides with the semi-direct product. 

The set P„ is an ideal of the algebra K + pci — K{l + pci) which is a subalgebra of the algebra 
§„, and {K + pc^)/Fn = K{l + pa/F„) ~ K{l + M^m)) where L, := K[x,,x-^] ~ Si(«)/P(«) 
is the Laurent polynomial algebra. The algebra Lj is a Euclidean domain, hence GLoo(Pi) = 
U{Li) K Eoo{Li) where 

U{L,) := {an^oo(j) + 1 -X{Em{j) \ a G L*} ^ = /C* x {x™ | m G Z} 

and Eao{Li) is the subgroup of GLoo(Pi) generated by all the elementary matrices. 

The group of units of the algebra {K + pci)/Fn is equal to K* x GLoo(ii) = K* x {U{Li) k 
Eoo{Li)). The algebra epimorphism ipci ■ K + pci {K + pci)/Fn, a a + Fn, induces the 
exact sequence of groups, 

1^(1 + Fn)* ^ (1 + Pa)* GLoo(P^) = U{U) K EULi), (33) 
which yields the short exact sequence of groups, 

1 ^ (1 + Fn)* ^ Ua{K) X ^;oo(§l(^)) ^ U{K) x i;^(L,) ^ 1. (34) 
Recall that Uci{K) x -Eoo(Si(«)) ^ (1 + Pci)*- Ii^ fact, the equality holds. 
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Proposition 3.8 (l+pci)* = Uci{K) k Eoo{^i{i)) for all i = 1, . . . ,n. 

Proof. In view of the exact sequences (|33l) and (|34)) . it suffices to show that the image of the 
map in (|33)) is equal to U{K) k Eao{Li))- Since 

C/(L,) = (7(i^) X {xr X{ EM + 1 - n^oo(-?') I e Z}, 

this is equivalent to show that that if f/'Ci (") = a;™ 11 j^^i -^oo (i) + 1 ^ 11 j^^i -^oo (i) for some element 
u G (1+pci)* and an integer m e Z then to = 0. Let ii(m) Vi{m) Em{3) + ^-X\j^i ^ooU) 

{x™ if TO > 0, 
~ ' Then u(m) G 1 + pci and ipci{u{m)) — ^pci{u)- Hence, u{m) — 
y\ if TO < 0. 

u + frn for some element fm G Fn . Note that 

u{m) 



ifm>0, 
ifm<0, 



and, by ^ and ind(u(TO)) = -m. By Corollary [331 (2). 

= ind(u) — ind(u + /,„) = ind(u(m)) = —to, 
and so m = 0, as required. □ 

Combining Proposition 13.71 fl) and Proposition 13.81 we have the next corollary. 
Corollary 3.9 (1 + a„.„_i)* = Q'^ „„i x,^ (-* nr=i(l +Pc^)*) - „_i x,^ (-* JlLi U^K) k 

E^i^iii))) ~ {e„,i) K • • • K (0„,„_i) K nr=i t^«(AO K i;oo(Si(z))). 

Using Corollarv l3.9[ we can write down explicit generators for the group (1 + a„^„_i)*, see 
Theorem 14.51 where explicit generators are given for all the groups (1 + an,s)* ■ 



4 The structure of the groups S*, Gn and their generators 

In this section, a proof of Theorem 12.51 is given, the groups §*, (1 + a„)*, and G„ and their 
generators are found explicitly fThcorcm l4.1[ Theorem 14. 2i Theorem 14. 5[ and Theorem 14.61) . 

Proof of Theorem 12.51 To prove the theorem we use induction on n. The inial step when 
n = 2 follows from CoroUarv 13.91 as in this case there is only one option, (n, s) — (2,1). So, let 
n > 2, and suppose that the theorem holds for all pairs (n', s'), s' = 1, . . . , n' — 1 such that n' < n. 
For the number n, we use a second downward induction ons = l,...,n — 1 starting with s = n — 1. 
In this case, i.e. (n, s) = {n,n — 1), the theorem holds as it follows from CoroUarv 13.91 So, let 
s < n — 1, and suppose that the statement is true for all pairs {n, s') with s' = s + 1, . . . , n — 1. 
For each number i = 1, . . . , n, the algebra Sci €5 K{xi) is isomorphic to the algebra but over 
the field K{xi) of rational functions. By the induction on n, the theorem holds for the algebra 
Sci ® K{xi). In order to stress that we consider the algebra Sci over the field K{xi) rather than 
K we add the subscript 'Ci' to all the notations introduced for the algebra Sci but over the field 
K. For example, an-i,s,Ci ® K{xi) stands for the ideal an~i,s of the algebra §ci but over the field 
K{xi), etc. 

For each number i = 1, . . . , n and for each number s = l,...,n — 2, the composition of the two 
algebra homomorphisms 

§ri ^ §ri/pi — Sci » K[xi,X^^] S.Ci ® K{xi) 

induces the group homomorphism (1 + an,s)* ^ (1 + <^n-i,s,Ci '8' K(xi))*. This homomorphism 
yields the commutative diagram where all the maps are obvious (and natural): 
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(l + a„ 



(1 + an-i,s,Ci(^K{xi)y 



'An,., 



n|j|=,(i+pj 



r„_i,.c. 



n — l,s,Ci 



where Jj' := n{/:|/|=s,,;^/} ^^^^ the map (p. 



n.s,i ■ ^n.s '^n-i,s,Ci is given by the rule 
otherwise. 



This is obvious. By the induction on n, we have the equahty V'^i-i ^ ci((l + fln-i,s,Ci ® -^(^^i))*) 
^ri-i s cj(®"-i,«-C«) i^*-"^ each s = 1, . . . , n — 2. Then, by the commutative diagram above, 



It foUows from the definition of the map (pn.s,i that 

Summarizing, for each j = 1, . . . , n, by (f22|) and ([24|) . there is the map 



(35) 
(36) 



If. 



n,s,i ■ ^^n,s 



,s,Ci 



satisfying ([35l) and ([361). The group homomorphism ipn,s IliLi <<5n,s,4 : ]Xi=i ^n-i,, 

is a monomorphism since it has trivial kernel: ker((y5„^s) = ®ig7uj ^(j' ^) where the pairs (j, /) in 
the direct sum are such that i £ / U j for all i = 1, . . . , n (see the definition of the map ipn,s,i), 
i.e. I U j = {1, . . . ,n} but the number of elements in the set / U is s + 1 < n — 1 + 1 = n, 
a contradiction. This means that ker((p„^s) = 0. Let m G (1 + a„^s)*. Then g{u) — a + b 
for unique elements a G Vn.s(©n:s) ^'i^d b G YJ^^^- By (|35l) and ([36)) . ^Pn,s,i{b) — for all i = 
1, . . . ,rt, i.e. ipn.s{b) — 0, and so 6 = since the map is a monomorphism. This proves that 
i'n sii^ + Ori,s)*) = ipn.s{'dn,s)- By induction, the theorem holds. The proof of Theorem 12.51 is 
complete. □ 



For each number s = l,...,n — 1, consider the following subsets of the group (1 + a„ 
E„,, := H Ui{K) K E^i^ci) and P„,, := J] 

\I\=S \I\=S 

the products of subgroups of (1 + a„.s)* in arbitrary order which is fixed for each s. 



(37) 



Theorem 4.1 1. (1 + a„)* = e„4r„,i = e„aE„.i6«,2lE„.2 • ■ ■ 6«.n-iIE„,„-i • Moreover, for 

S = l,...,n— 1, (1 + an,s)* ~ ©n.sTn.s — ^n,Mn,s^n,s\\^n,s^\ ' ' ' ^njn-\^n,n-\- 



2. (1 + o„)* = e„4T„,i = e„,iP„,ie„,2Pn,2 • • -On^n-iPn,™-!- Moreover, for s ^ 1, . . . ,n - 1, 



Proof. 1. By Theorem [23] and Corollary [331 

(1 + o„,s)* = e„,,r„,, = e„,, [| Ui{k) k i;oo(§c7) • (i + a„,,_i)* = e„,,E„,,(i + a„,,_i)* 

\I\=S 

= 6n,sE„^s9„,s-lE„^s-l(l + 0.11,8-2)* = B„,sE„^s • • • 0n,n-2E„^„_2(l + Cln.n-l)* 
= 6n,sE„_s0n,s+lE„_s+i • • • Qn,n-l^n,n-l- 
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2. Since (1 + an,s)* = 'dn,s^n,s Q 'dn,s^n,s C (1 + an,s)*, we see that 
(1 + a„,,)* = e„,,T„., = e„,, Y[il+ Pi)* ■ (1 + a„,,_i)* = e„,,P„,,(l + a„,,_i)* 

\I\=S 

= 6n,s]Pn,sB„,s-lP„,s-l(l + 0„,s-2)* = Qn,sPn,s ' ' ' 0n,n-2]Pn,ri-2 ( 1 + a„^ri-l)* 

by Corollary EH □ 

Using Lemma \TM we can strengthen Theorem 14. II 
Theorem 4.2 1. (l + a„)* = 9',, iE„4e'„ 2E„,2 • • ■ e'„^„_iE„,„_i . Moreover, /or s = 1, . . . ,n 

2. (l + a„)* = e;^iP„,ie;^2P„,2---e;^„_iP„,„_i. Moreover, for s = l,...,n-l, (l + a„,,)* 



Proof. The statements follow from Lemma 12.41 ((25|) , and Theorem 14.11 repeat the proof of 
Theorem 14.11 replacing Qn,t by Q'^ ^ everywhere for all t. □ 

By Theorem 14. 11 (1) and Lemma [2^ the group A„^s is a free abelian group of rank {J^-^s for 
s = 1, . . . , n — 1: 

A„,, :=(i + a„,,)7r„,, = e;,,r„.,/r„,, ~ \{ \{ ^ zUl)^ (38) 

|J|=s+l jGJ\max(J) 

where the double product is the direct product of groups. 
Corollary 4.3 Z„,^ ~ ~ z(-?i) /or s = 1, . . . , n - 1 ('see (C^);. 

Froo/ Recall that ^^,((1 + a„,,)*) = ^;,(e„,,) (Theorem HI]), X;, , = K;,0Y;,,, and 
V';,,(e„,,)=]K;^„by il. Then 

„ _ ni/i=.(i+p7r ni/i=s(i+p/r/r«.. ^ ^K^,sm'n,s 



V'«,s((l + a„,,)*) Vn,.((l + an,.)*)/rn,. V'^j.s ( (1 + )* ) ^'n,s{^n,s) 

= ".^^^ ^y;^,^zU). □ 

Theorem 4.4 T„ = r„ and T„^s — Tn^s for all s = \, . . . ,n. In particular, the groups Vn.s are 
Gn-invariant (hence, normal) subgroups of (since Tn^s o,re so). 

Proof. By Theorem liH and Lemma ^IM (1 + a„,s)* = Qn.s^n.s = Q'n,s^n,s for s = 1, . . . ,n, 
and the last product is exact. Since r„^s C T„^s, we have the equality (1 + a„^s)* = s'^n.s- So, 
in order to show that the equality Tn^s = ^n,s holds it suffices to prove that 0^ ^ n T„_5 = {1}- 
To prove this equality, first, we use an induction on n > 2, and then, for a fixed n, we use a second 
downward induction on s = 1, . . . , n — 1, starting with s — n — 1. For n = 2, there is a single 
option to consider, (n, s) = (2, 1). In this case, the equality holds by Corollarv 13.91 Let n > 2, 
and suppose that the equality holds for all pairs (n', s) with n' < n. For (n,n — 1), the equality 
is true by Corollarv 13.91 Suppose that s < n — 1, and that the equality holds for all pairs (n, s') 
with s' = s + 1, . . . , n — 1. Suppose that 9^ n Tn,s ^ {1}, we seek a contradiction. Choose an 
element, say u, from the intersection such that u ^ 1. Then the element m is a unique product 
= njj|=s+i njGJ\max(j) ^'max( J) j (^)"^^'"^^ whcrc n{j, J) G Z. Since u 7^ 1, n{j, J) ^ for some 
pair (j, J). Since | J| = s + 1 < n, the complement CJ of the set J is a non-empty set. Let / be 
the composition of the obvious algebra homomorphisms: 

S« -> Sn/ - ® ^c:^ Sj ® Qcj 

iecj 
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where Qc.i is the field of fractions of the Laurent polynomial algebra Lcj- The algebra §j ® Qcj 
is isomorphic to the algebra Ss+i but over the field Qcj- Let Q'g_^_l ^ j and rs+i,s,j be the 
corresponding 6s+i,s and r^+i^s for the algebra §j (g) Qcj — ® Qcj (over the field Qcj)- 
Since /(r„,,) C r;+i,,.j, /(e;,J C Q'^^^^^ j ■ U = UkeJXrnM.n^-^-^i-nAJr^''^'^ • U where 
U := Hiej Uj\i{Qcj) Q ^s+i,s,j, using the induction on n, the inclusion f{u) S /(6^,s) H /(r„,s) 
yields n{j, J) = 0, a contradiction. Therefore, 8^ ^nTn^s = {1} and the statements of the theorem 
hold. □ 

By dMl) and Theorem IH 

(1 + a„^,)7T„,, = (1 + a„,,)7r„,, ~ Z(=^l)^ (39) 
The next theorem gives explicit generators for the groups §* , (1 + a„)*, and (1 + a„_s)*. 
Theorem 4.5 1. The group (1 + a„)* is generated by the following elements: 
(o.) (^niax{j).jiJ) where j £ J\max(J) and \ J\ = 2, . . . ,n; 

(b) 1 + x\E^M), 1 + 1 + ylE^M), and 1 + y*S„o(/) where t e N\{0}, i ^ I, 
|/| = 1,. ..,n- 1, a e N-^VIO}; and 

(c) 1 + (A - 1)Eqo{I), 1 + Eoa{I), and 1 + Eao{I) where \eK*, I and a e f^^\{Q}. 

2. For s = 1, . . . , 71 — 1, the group (1 + a„,s)* is generated by the following elements: 

(o.) (^niax{j).jiJ) where j G J\ max(J) and \J\ — s + 1, . . . ,n; 

(b) 1 + x\EoM), 1 + x\E^q{I), 1 + ylEoa.iI), and 1 + y*Sao(/) where t G N\{0}, i ^ I, 
|/| = s, . . . , n - 1, a e N^\{0}; and 

(c) 1 + (A - l)£;oo(/), 1 + Eoail), and 1 + Eao{I) where X S K* , \I\ = s,...,n, and 

a e n^\{o}. 

For s = n, the group (1 + a„^„)* = (1 + Fn)* is generated by the elements 1 + (A — l)£'oo(/), 
1 + Eoail), and 1 + Ea^oil) where X e K* , I = {1, , . . . ,n}, and a S N"\{0}. 

3. The group §,* = K* x (1 + a„)* is generated by the elements from statement 1 and K* . 
Proof. 1. Statement 1 is a particular case of statement 2 when s — \. 

2. The statement is obvious for s = n. So, let s = 1, . . . , n — 1. By Theorem 14.21 (1). the group 
(1 + a.n,s)* is generated by the sets 0^ ^^ E„_t where t — 1, . . . , rt — 1. Each element of any of the 
sets Q'nt is a product of elements from (a). Recall that E„^t := Y\\i\^fUi{K) k -Eoo(§c/)- Each 
element of any of the groups Ui{K) is a product of elements from (c). For each i — 1, . . . ,n, the 
algebra §i(i) is the direct sum 0j>i Kyi ® -f'^® ®j>i Kx^ F{i), see ([7]). By a straightforward 
computation, 

[1 + aE^p{I), 1 + bEcp{I)] = Sfj^il + abEa^pil)) 

for all a,b £ Sc/ and a,(3,£,,p £ where [u,v] :— uvu^^v^^ is the (group) commutator of 
elements u and v. In this paper the commutator stands for the group commutator (unless it is 
stated otherwise). For aU A G K*, I with \I\ — s, . . . ,n, and a e N^\{0}, 

il + iX-l)Eoo{I))-{l + Eo^{I))-{l + {X-l)EooiI))-' = l + ASoc(/), 
{l + {X~l)E„o{I))-^ ■{1 + Em{I))-{1 + {X-1)Eoo{I)) = 1 + XEm{I)- 

It follows from these three facts that each element of any of the sets £'oo(Sc/) is a product of 
elements from sets (b) and (c). The proof of statement 1 is complete. 

3. Statement 3 is obvious. □ 

The next theorem presents explicit generators for the group Gn- 

Theorem 4.6 Let Jg := {!,..., s} where s — 1, . . . ,n. The group Gn = S'„ x T" k Inn(§„) is 
generated by the transpositions iij) where i < j; the elements t(A,i....,i) ■ xi ^ Xxi, yi ^ X^^yi, 
Xk Xk, Vk '—^ yk, k = 2, . . . ,n; and the inner automorphisms cj„ where u belongs to the following 
sets: 
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1. 9s,i{Js), s = 2,. ..,n; 

2. 1 + xiEoMs), 1 + x^EmW, 1 + yiEoMs), and 1 + y^EM^Js) where t e N\{0}, s = 
1, . . . , n - 1, and a £ N''\{0}; and 

3. l + [\-l)Em(Js), l+Eoa{Js), and l+Eao{Js) where X € K* , s = 1, . . . ,n, and a € W\{0}. 

Proof. The group G„ — S*,! kT" Klnn(§„) fTheoreni ll.2l f3)) is generated by its three subgroups: 
Sn-, IT", and Inn(§„) = {ujy | u £ (1 + a„)*}. The transpositions generate the symmetric group 5„. 
Then, by conjugating, 

(lj)i(A,i,...,i)(l*)"^ = is on «'th place) 

we obtain generators for the torus T". Similarly, by conjugating the elements of the sets 1, 2, 
and 3 (i.e. using su!yS~^ = liJs(v) for ^-U * G S^) we obtain all the elements from the sets (a), (b) 
and (c) of Theorem 14. 51 when we identify the groups Inn(§„) and (1 + a„)* via ujy <-> v. Now, the 
theorem is obvious. □ 

5 The commutants of the groups Gn and and an ana- 
logue of the Jacobian homomorphism 

In this section, the groups [Gn,Gn] and G'„/[G„,G„] are found (Theorem 15. 4p and they are used 
to show the uniqueness of an analogue JJn (see ([2])) of the Jacobian homomorphism for n > 2, and 
in finding the exotic Jacobians J^^ for n = 1, 2. 

The groups [G„,G„] and G„/[G„,G„]. The subgroup of a group G generated by all the 
commutators [a,b] := aba^^b"^ where a,5 G G is called the commutant of the group G denoted 
either by [G, G] or G^^\ The commutant is the least normal subgroup G' of G such that the 
factor group G/G' is abelian. If 1^9 : G ^ is a group homomorphism then (y9([G, G]) C [H^H]. 
If, in addition, the group H is abelian then [G, G] C ker(iy9). To find the commutant of a group 
is a technical process especially if the group is large. In the next two easy lemmas we collect 
patterns that appear in findings the commutant of the group G„. Their repeated applications 
make arguments short. 

Lemma 5.1 1. The commutant [Ak B , A\>< B\ of a skew product Ax B of two groups is equal to 
[A, A] K ([A, _B] • [B,B]) where [A, B] is the subgroup of B generated by all the commutators 
[a,b] := aba~^b for a e A and b e B. Hence, B n[A k B,AtK B] = [A, B] ■ [B,B] and 

AkB ^ A y B 
[Ax.B,At<B\ — IXAJ IA,B\-[B,B\ ■ 

2. If, in addition, the group B is a direct product of groups YiTLi such that aB^a^^ C Bi for 
all elements a G A and i^l,...,m. Then [A K S, A K B] = [A, A] K J]™ i([^, ^i] [-Bj, -Sj]). 

Proof. 1. Note that [a,b] = LLja{b)b^^ where uja{b) aba^^. For a G A and b,c B, 

c[a,b\ = cuja{b)b^^ = uJa{uJa-iic)b){uJa-i{c)by^uJa-iic)bb~'^ 

= Wa(Wa-i(c)6)(Wa-i(c)6)"^ •t^a-i(c) 

= [a,t^Q-i(c)6] • Wq-i(c). 

It follows from these equalities (when, in addition, we chose c G [B,B]) that the subgroup of B 
which is generated by its two subgroups, -B] and [B,B], is equal their set theoretic product 
[A,B][B,B] {e/|e G [A,B]J G [B,B]}. Then the subgroup of C := [A \k B, A k B] which 
is generated by its three subgroups [A, A], [A, i?], and [B,B] is equal to the RHS, say R, of the 
equality of the lemma. It remains to prove that C C R. This inclusion follows from the fact that, 
for all ai, 02 G A and fei, 62 G B, 

[aibi,a2b2] = Wai ([&i, a2])waia2 ([&i, ^2])[ai, a2]wa2([ai, 62]) (40) 
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which follows from the equalities [ab, c] = uja{[b, c])[a, c] and [a, b] ^ = [b, a]: 

[ai6i,a2&2] = Wai([&i,a2&2])[ai,a2&2] = ([02^2, ai]wai ([a2&2, ^i]))"^ 

= (^aa (^2, ai] ) [a2 , Oi] (^^02 ([^2 , ^l] ) N , ^l] 

= ^Qi {[bi,a2])t^aia2 &2])[ai, a2]wa2 ([ai, ^2])- 

2. By statement 1, it suffices to show that OilLi — TViLil-^j The general case follows 
easily from the case when m = 2 (by induction). The case m = 2 follows from (j40p where we put 
bi — 1, ai E A, a2 E Bi, and 62 G ^2- D 

Lemma 5.2 i. Lef tp : G H be a group epimorphism such that ker((p) C [G, G]. Then 
[G,G] = ^-\[H,H]). 

2. Let N be a normal subgroup of a group such that N C [G, G] and the factor group G/N is 
abelian. Then then N = [G, G] . 

Proof. 1. Since cp is an epimorphism with 'ker{ip) C [G, G], the inclusion (p~^{[H, H]) C [G, G] 
is obvious. Then the composition of the group homomorphisms G ^ H ^ H/[H, H] and the fact 
that the group H/[H,H] is abelian yield the opposite inclusion ip^^{[H, H]) 3 [G, G]. 

2. Applying statement 1 to the group epimorphism ip : G ^ G/N we get statement 2: 
[G,G] ip-^{[G/N,G/N]) = ^-i(e) = ker(V). □ 

For all transpositions {ij) G Sn and elements i(Ai,....A„) G T", 

[fe'),i(Ai,...,A„)] .,l,A-iA,,l,...,l,A7iA,,l,...,l) (^l) 

where the elements X^^Xj and AJ^A^ are on ith and jth place respectively. 

Lemma 5.3 For each natural number n > 2, [5„ k T",S'„ k T"] = [5„,S'„] k T" where T" := 

{^(A„...,A„) eT"i n:"=iA^ = i}. 

Proof Let i? and L be the RHS and the LHS of the equahty. By Theorem [mi (1), (001), and 
(|4ip. R D L. To prove the reverse inclusion consider two group epimorphisms: 

n 

(^:5„kT" ^ i^*, (a,t(A„...^A„))^n^'- 

1=1 

Then R C ker(^) = ix and i? C ^"^([^n, S*™]) = [S'„,S'„] k T", hence i? C (S'„ x T^") n 
([5'„,5'„] K T") = L, as required. □ 

Let J be a subset of the set {1, . . . , n} that contains at least two elements, let i and j be two 
distinct elements of the set J, and let A G K* . By multiplying out, we see that 

tJ-j\z{yi)ej\j = ej\jHj\,{x^) = ej\j - ej, (42) 

t^j\i{yi)ej ejfij\,{x^) = 0, (43) 

AiAj(^J%) = 1 "S"'' (44) 
ejfJ'JXjW = Hj\j{X)ej = Aej. (45) 

Note that (where A G i^*) 

[%(J),Ai,,\,(A)]=Mj(A-^) (46) 
since (by direct computations, consider the four cases as in (fT9)) ) 



[e,,{j),^ij\,{x)]*x" 



X-^x" ifVfcGJ:afc = 0, 
otherwise. 
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Alternatively, using the equalities (I42p . ([331), and (|45p. we can show directly that holds: 
[0.,(J),Mj\,(A)] = %(J)mj\,(A)0,,(J)m,a,(A-1) 

= Mj\»(y») • f^j\j{X])^ij\jW^^j\j{yj) ■ f^j\i{xt)fj-j\j{X^'^) 

= Mjv(yj) • (1 - e,/) • /ij\j(A) • ^j\,(a;j)Aij\j(A"i) (by 1331)) 

= (l + (A-l)M./v(2/»)e,/\jMJv(a;»))-M,/\j(A"') (by (gSl)) 

= (l + (A-l)(ej\, -ej)/ijvKa;.))-M,/\,(A-') (by®) 

= (l + (A-l)(ej\, -ej)).Ai,,\,(A-i) (bygl,!!) 

= (m,7\,(A) + (1 - A)ej) • Mj\,(A-i) = 1 + (1 - A)A-iej (by m) 

= l + (A-i-l)ej = Mj(A-^). 

By taking the inverse of both sides of (|^51) and using the fact that [a, 5]^^ = [b,a], we have the 
equality 

[t,j\,{X),e.,{J)]=fij{X). (47) 

Let J be a subset of the set {1, . . . , n}. If i and j are distinct elements of the set J (hence | J| > 2) 
then, for all elements s £ 5„, 

^*W9.,(J)S^' (48) 
[(«i),'^e,,(,/)] ='^e,,(,/)-2- (49) 
The equality ((481) is obvious, the equality (gSI follows from (gH) and ([20l) : 

If i, j, and fc are distinct elements of the set J (hence | J| > 3) then 

[(ifc),W(,^^(j)] = cje^^(j). (50) 

In more detail, 

[(ifc),^e.,(J)] = («fc)'^e,,(j)(«fc)"^w~^^(j) (by dUl), ([201)) 

= ^9... (J) (by (Ell))- 



By ([50l) . if n > 2 then the current group 8„ belongs to the commutant [G'„,G'„], but for n = 2 
this is not true (Theorem 15.41 (11). and this is the reason for existence of the exotic 'Jacobian' 
homomorphism . 

Let 6ij := 9ij{{i,i}) and iij{X) := ii{j^{X) where A G K* . Then 

[i(i,...,i,A.,i,...,i)'^e,J =tJ^^.(^-i), (51) 

where the scalar Ai G iiT* is on the ith place. In more detail, [i(i....,i.Ai,i....,i), ^^eij] = "^^j (a^^j^ )/^ (x )' 

Theorem 5.4 ^6^6* := 6'i2({l,2}) andM2 := | u £ (6'^)-ni/i=i ?//(-ftr) Ki;/(Sc/)-(l+a2,2)*} C 
G2 . T/ien 

r{w„ |u G i;oo(ii')} ifn = l, 

1. [G„,G„] - <^ T} X M j/n-2, 
[ [Sn, Sn] K K Inn(S„) ifn>2. 
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{K* X K* ifn = l, 

Z/2Z X X Z/2Z ifn = 2, 
Z/2ZxK* ifn>2. 

Proof. Recall that (1 + a„)* ~ Inn(S„), u ^ a;„ (Theorem 11.21 (3)). To save on notation we 
identify these two groups. Then Gn = 5™ k T" k Inn(S„) = 5„ x T" x (1 + a„)*. 
The case n — 1. By Theorem 4.1, [5], 

Gi ~ X (1 + F)* ~ K {U{K) X Eoo{K)) = (T^ x U{K)) x E^{K). 

Since [£;oo(i^), £;oo(if )] = Eoo{K) (hence i;oo(if) C [Gi,Gi]) and the factor group Gi/E^{K) ~ 
Tl x C/(i^) is abelian, by Lemma 0(2), [Gi,Gi] {uju\u e Eoo{K)}. Hence Gi/[Gi,Gi] ~ 
Tl x {/(iC) ~ x K*. 

Let n > 2. Note that £'oo(Sc/) = [-Boo(Sc/), £'oo(Sc/)] ^ [G„,G„] for all nonempty subsets / 
of the set {1, . . . , n}. It follows from gT]), jSO]), and Theorem |43(1) that 

(1 + ana)* ^ [G„, G„]. 

The case n = 2. By 9^ e [G2,G2]. By jSl]), n|/|=i W x ^/(§c/) ^ [G2,G2]. By 

Theorem 1121(1) and dTT 



G2 := G2/(l + a2^2)* ^ ^2 x T^ x (0) x [] [//(i^) x Ei{Lci). 

\i\=i 

Note that [(12), w^] = ^^-2 (by (gH)), and, for aU elements e T^, 

[iA,c^e] = ^^^,(A-i)^i(A.) mod (1 + 02,2)*- 

Indeed, 

= ^M2(Ar^)w(A2) mod (1 + 02,2)*. 

It follow that the group N := {9"^) x n|/|=i Ui{K) x Ej{Lci) is a normal subgroup of G2, C 
[G2, G2], and G2/iV ~ (52 x T^) x By Lemma[El [G2 /iV, G2 /iV] ^ [^2 x T^, ^2 x T^] = T^. 
Then, by Lemma [5T2l fl). statement 1 follows. Then, by Lemma [5. 21 (1). 

G2 G2/jV „ T2 (9) „ ^ 

T ~ — — ~ & X ^ X ~ Z2 X K X Z2 . 

[G2,G2] [G2/A^,G2/iV] T? (9^) 

The case n > 2. By Theorem ( 1 ) , (1 + a„,i)* = GJ, iE„.i • • • GJ, „_iE„,„_i. By e'„ , C 

[G„, G„] for all s = 1, . . . , n - 1. By E„,, C [G„, G„] for aU s = 2, . . - 1, and, by $11, 
En,! C [G„,G„]. Therefore, (1 + o„,i)* C [G„,G„]. Th_en t_he factor group G„ G„/(l + a„,i)* 
is isomorphic to the group Sn x T". By Lemma [Ol [Gn,G„] — [Sn,Sn] ix T", and statement 1 
follows, by Lemma [121 (!)■ By Lemma [F?^ (l). 

X — ~ Z2 X if . 



[G„,G„] [G„,G„] [S'„,iS'„] T" 



The proof of the theorem is complete. □ 
Recah that afr„ := S'™ x T". 



Corollary 5.5 1. i„„(s;"r^fa^,G„| 



K* 


*./ ^ 


= 1, 


Z2 


i/n 


-2, 





z/n 


> 2. 
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1 aff„ ~ < -J — ^1 

[aff„,aff„] - X if* if 71 > I. 

ifn=l, 
tfn = 2, 
ifn>2. 

Proof. 1. We keep the notation of the proof of Theorem 15.41 (in particular, we identify the 
groups Inn(S„) and (1 + a„)*). For n = 1, Inn(§i) = U{K) k Eoo{K) and [Gi,Gi] = Eoo{K) 
(Theorem 15.41 fl)) and statement follows. 

For n = 2, by TheoremEll(l), Inn(S„)/Inn(§„) n [G„, G„] ^ {e)/{9^) ~ Z2. 

For n = 3, by TheoremEH(l), Inn(S„) C [G„,G„]. 

2. For n = 1, affi = and statement 2 is obvious. For n > 1, statement 2 follows from 
LemmaO ^ x^^Z^xK*. 

3. Since G„ = aff„ x Inn(§„), the first equality follows from Lemma fS.ll fl). and then the 
second equality follows from statement 1. □ 



aff„ 



Inn(S„) 



aff„ 



[G„,G„] — [aff„,afl„] ^ Inn(S„ )n [G„ ,G„] " [aff'„,aff„] 




An analogue of the polynomial Jacobian homomorphism. We keep the notation of 
the Introduction. Wc want to find an analogue of the polynomial Jacobian homomorphism ([1]) 
for the algebra §„. The algebra S„ is noncommutative, non-Nocthcrian, with trivial centre, i.e. 
Z(§>n) = K Proposition 4.1, W, and there are no obvious 'partial' derivatives for the algebra 
S„. So, in order to find the analogue we, first, define the Jacobian homomorphism in invariant 
group-theoretic terms, i.e. we select natural properties/ conditions that uniquely determine J. 
Then, for the algebra S„, the conditions obtained determine uniquely an analogue of the Jacobian 
homomorphism but for n — 1,2 where there are exactly two of them. 

The group Vn — Aff„ Xej, I]„ is an exact product of its two subgroups where Aff„ := {o'A,a '■ 
X ^ Ax + a I j4 G GL„(_fi'), a G ii'"} is the affine group and 

Sii := {a eVnl (yixi) = Xi mod (xi, . . . , Xn)'^,i = 1, . . . ,n} 

is the Jacobian group where (xi, . . . , x„) is the maximal ideal of the polynomial algebra Pn- Recall 
that an exact product means that each element a G Vn is a unique product a = cr^^a " f where 
CFA,a G Aff„ and ^ G The Jacobian homomorphism is determined by its restriction to the 
affine subgroup since J'n(C) — 1 for all ^ G S„ (trivial); and 

Jn(ff) = Jni<7A,a) = det(A). (52) 

The affine group Aff„ is the scmidirect product Un x SAff„ where Un ■= {tx : Xi i— > \xi,Xi 
x^,i > l\ \ C K*} and SAff„ {cr^^a | A G SL„(if),a G if"}, and SAfr„ = [Afr„, Aff^] is the 
commutant of the group Aff„. Then the commutant [VnjPn] of the group Pn is SAff^ Xex S„ 
(this is trivial, since [C/n,S„] = S„), and P^ = Un x [P„,P„] = (t/„ x [Aff„,Aff„]) Xex S„. The 
Jacobian homomorphism is uniquely determined by the following commutative diagram: 



Pn 



J 



K* 



dot 



Un 



The group G„ — Sn x T" x Inn(S„) has a similar structure as the group Pn- The subgroup 
aff„ Sn K T" is an affine part of the group G„ and the subgroup Inn(§„) plays a role of the 
Jacobian subgroup S„ since 

• (Corollary 5.5, ^J) Inn(§„) = {o- G G„ | a{xi) = Xi mod p^, <7{yi) = yi mod pi, Vi}. 
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Definition. An analogue J„ of the polynomial Jacobian honiomorphism J7„ is a group homo- 
morphism J„ : Gn — > which acts on the afhne subgroup aff„ as in the polynomial case. 

There is at least one such a map which is given in ^ and 

Theorem 5.6 1. For n > 2, the analogue J„ of the polynomial Jacobian homomorphism Jn 
is unique and given in 0) and 

2. For n — 1,2, there is another one J^^, the so-called exotic Jacobian homomorphism, given 
by the rule 

(a) Forn = 1, a = tx ■ uju & Gi ^ tK {uj^\v £ {1 + F)*} where tx G and u G (1 + 
F)* ~ GLoo(-ft'), Ji^(cr) = A • det(ii). The homomorphisms Ji and J^^ are algebraically 
independent characters of the group Gi . 

(b) For n = 2, a ^ stxtoeiC e G2 where s G S2, tx G T^, i G {0,1}, and ^ G 

(o-) = (-l)*sign(s)AiA2. Note that (Jf )2 = J2. 

Proof 1. Statement 1 follows from the fact that ^q'^q j — [ag'^^rtf ] (Corollary[n31(3)). 
2. Statement 2 follows from Corollary 15. 51 (3) □ 
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